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Abstract. We prove almost sharp upper bounds for the LP norms of eigen- 
functions of the full ring of invariant differential operators on a compact locally 
symmetric space. Our proof combines techniques from semiclassical analy- 
sis with harmonic theory on reductive groups, and makes use of asymptotic 
bounds for spherical functions which improve upon those of Duistermaat, Kolk 
and Varadarajan and are of independent interest. 



1. Introduction 

If M is a compact Riemannian manifold of dimension n and is a, Laplace 
eigenfunction on M satisfying Atp = X^tp, it is a well studied problem to investigate 
the asymptotic behaviour of the norms of "0 as A — > oo. The fundamental upper 
bound for these norms was established by Hormander and Sogge [5] , who prove 
that 



(1) ||0|1,«A^°(P)|!V'||2 

where Sq{p) is the piecewise linear function of 1/p given by 

7i(i-i)-l/2, 0<i< 



/r,\ X f \ ) ^2 p' -^/^' " — p — 2(n+l) ' 

(2) <5ob) = S n^(l__U n-1 < 1 < 1 

L 2^-2 p'^ 2(n+l) — p — 2 ■ 

Moreover, these bounds were shown by Sogge 0] to be sharp when M is the round 
n-sphere 5"". 

It is sometimes possible to improve the upper bound in ([ij by assuming that M 
has additional symmetry, or that is an eigenfunction of extra differential operators 
which commute with A. In the extreme case of the flat torus T", for instance, if 
one assumes that V' is an eigenfunction of all the translations {id/dxi} then ip is 
a complex exponential, and so we have WipUp < C for all p and C depending only 
on T". A more interesting example of this phenomenon is given by Sarnak in his 
letter to Morawetz [5] . He proves that if X is a compact locally symmetric space 
of dimension n and rank r, and is an eigenfunction of the full ring of differential 
operators on X with spectral parameter tX, then 



(3) 



uniformly for A in compact subsets of a*_^ which are bounded away from the walls 
(notations are standard and given in section 2.1 ). Note that the Laplace eigenvalue 
of ^p is roungly i^, so that ^ represents an improvement in the exponent of ^ 
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from (n — l)/2 to (n — r)/2. This upper bound is also sharp in the case when X 
is of compact type, and Sarnak states that it should be considered as the 'convex 
bound' for the sup norm of a higher rank eigenfunction. 

The goal of this paper is to derive the correct convex bound for all norms of 
an eigenfunction in higher rank, by combining basic techniques from semiclassics 
with a detailed analysis of spherical functions. Our main result in this direction is 
stated below, which in the compact case differs from the expected sharp bound only 
by a factor of (logA)^/^ at the kink point. Let X be a compact locally symmetric 
space of dimension n and rank r which is a quotient of the globally symmetric space 
S, and assume that S is irreducible. We then have: 

Theorem 1. Let C d a*^ be a cone in the positive dual Weyl chamber which is 
bounded away from the walls. If ip is an eigenfunction of the full ring of invariant 
differential operators on X with spectral parameter A e C, then we have 



|,/|, / (log||A||)V2||A||*-W||v,||,, 



where 5{p) is the piecewise linear function 



(5) dip) 



r^ih-^)-r/2, 0< 



^2 p/ / ' p — 2(n+r) ' 

2 V2 nl' 2{n+r) — p — 2' 



Moreover, these bounds are sharp up to the logarithmic factor in the case when X 
is of compact type. 

It will be apparent in the course of the proof of theorem [l] that when X is the 
quotient of a product S ^ Si x . . . x Sd oi irreducible symmetric spaces, the 
norm of an eigenfunction on X is bounded by the product of the functions Q for 
each irreducible factor of S. Moreover, in the compact case this will again be sharp 
up to the logarithmic factors at the kink points. A discussion of how one might 
go about removing these logarithmic factors by using Sogge's original methods is 
given in section |2.5| 



To give an example comparing the bound produced by theorem [T] with the classi- 
cal bound ([T]), let A" be a quotient of the gloablly symmetric space SL{3, R)/S0{3). 
Let tjj be an eigenfunction of the full ring of invariant differential operators on AT, 
which was proven by Selberg [7j to be isomorphic to a polynomial algebra in two 
variables and contains A, and assume that the spectral paramter of V' is restricted 
to a cone C as in theorem [T] The following graph compares the two exponents 
So{p) and 5{p) appearing in Sogge's bound and theorem [l] 



L" BOUNDS FOR HIGHER RANK EIGENFUNCTIONS AND ASYMPTOTICS OF SPHERICAL FUNCTIONS 




Let US take a moment to discuss the significance of tlie exponent 5(p) in tlieorem 
[l] and hopefully convince the reader that it is natural. Suppose that r|n, and let X 
be a product of r compact manifolds Xi x . . . x X,. of dimension n/r. Let be the 
Laplacian of Xi, and let "0 = "01 x ■ • ■ x V'r be a joint eigenfunction of the Laplacians 
Aj on X. Let A^^ = '^f'/'i and assume that the ratios are all bounded by 

some constant. By applying Sogge's bound ([T]) to each tj^i, we may show that 

where = Af + . . . + and 5q(p) is the function S with n/r m. place of n. It may 
easily be seen that the function 5{p) defined in (fST satisfies 5{p) = rdo{p), and so 
theorem [T] may be summarised as saying that, from the point of view of the convex 
bound for norms of eigenfunctions, a locally symmetric space of dimension n 
and rank r whose universal cover is irreducible behaves like the product of r general 
Riemannian manifolds of dimension n/r. 

It would be interesting to know in which other cases this product behaviour 
occurs, that is when the bounds of theorem [T] hold for a more general com- 
pact manifold M of dimension n with r commuting differential operators which 
are 'independent' in some sense. There are no nontrivial examples of this in the 
completely integrable case, as it was proven by Toth and Zelditch [10] that if M 
is a quantum completely integrable manifold and all joint eigenfunctions on M are 
uniformly bounded then M is a flat torus. 

In proving theorem [l] we shall in fact show that the same bounds hold for the 
— > LP norm of a spectral projector onto a ball of fixed radius about A. With this 
formulation, our bounds will be sharp up to the log in the case of both compact and 
noncompact type. The fact that this bound is sharp for individual eigenfunctions 
in the compact case is due to the high multiplicity of the spectrum, so that by 
choosing the radius of our spectral projector to be sufficiently small we know that 
it will always pick out exactly one eigenvalue of high multiplicity. 

In both cases, the bounds of theorem [l] are realised by simple wave packets 
which are the higher rank analogues of the zonal functions and Gaussian beams on 
a general Riemannian manifold. We shall describe these packets on the globally 
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symmetric space S — G/K, their analogues on X being similar. The cotangent 
bundle T*S' of S* is isomorphic to the if-principal bundle G Xj^p* , which we recall 
is defined to be the quotient of the trivial bundle G x p* by the action 



If A e a* we define T^S C T* S to be the set of points {g,v) e Gx^p in which v is in 
the Adif orbit of A/||A||. Saying that -0 G C°°{S) is an approximate eigenfunction 
of the ring of invariant differential operators on S with parameter A then implies 
that the microlocal support of tp is concentrated on T^S (see section 5.4 of [5]). 

Let p e S correspond to the identity coset of K, and let A be the standard 
flat subspace containing p. Identify T*A with o* x A, let T^A be the subspace 
A/ll All X A, and let Cx C T{5' be the orbit of T;^A under K. We shall see that there 
exists a if-biinvariant function ijj G L'^ (S) whose microlocal support is concentrated 
on C\, and which saturates the norms on S for p above the kink point. The 
fibre of the projection map tt :£>—)■ 5* is isomorphic to Stab if (a), so that tt is 
smooth for generic s and maximally singular at the origin, and correspondingly ^ 
will be strongly peaked at this point so that we may think of ^ as an analogue of 
the usual zonal function on a Ricmannian manifold. 

We shall see that ip may be taken to be the kernel of the spectral projectors 
Kt and K^^ constructed in sections |2] and [Sj respectively. Note that in the case 
of compact type we can prove that the spherical functions ip\ also saturate the 
bounds of theorem [l] for large p, but we have only been able to prove that they have 
the microlocal structure described here in a small neighbourhood of the origin. 

For p below the kink point, the norms on 5' are saturated by the higher rank 
analogue of a Gaussian beam, which is simply a wave packet concentrated on a 
maximal fiat subspace, and whose microlocal support is concentrated on the set 
A/||A|| X A C T* A. These functions will be described more thoroughly in the case 
of compact type in section [73] 

1.1. Asymptotics for Spherical Functions. In the course of proving theorem 
[ijwe have found it necessary to develop sharp asymptotics for spherical functions 
of large eigenvalue on G, which we state here as seperate theorems. First let us 
assume that G is semisimple with no compact factors, in which case our result 
strengthens a theorem of Duistermaat, Kolk and Varadarajan [1]. Let A G a!]_ and 
let ip\ denote the standard spherical function with parameter A, normalised so that 
(/7a (e) = 1. Fix a compact subset G C a^J. which is bounded away from the walls. 
Let Volo(if ) and Volo(M) be the volumes of K and M with respect to the metric 
induced from minus the Killing form on and for any w gW define 



{9,v)k = {gk,M^^v). 




Our result is the following: 



Theorem 2. Let B d a be any compact set, and e > be arbitrary. We have the 
asymptotic 



L" BOUNDS FOR HIGHER RANK EIGENFUNCTIONS AND ASYMPTOTICS OF SPHERICAL FUNCTIONS 



(6) 



¥.tA(exp(i/)) = (l+Os,c,e(tniaxl/|a(i/)|)) V exp(iiw;A(i/)+i7ra„(i/)/4)<-("- 

CK^ A ^ — ^ 



(a, A) 



27r 



sm}iwa{H) 



-m(a)/2 



Volo(M) 



Volo(X) 



-r)/2 



X n 

QeA+ 

uniformly for A G C anc? H E B satisfying \a{H)\ > t^^^'^ for all a G A. W^e also 
have the upper bound 



(7) |(^a(exp(H))| «s,c n + 

QeA+ 

uniformly for H (z B. 

The asymptotic ([t]) is the strongest possible upper bound that can be given for 
ip\{e'xp{H)) when H is bounded and A grows, at least under the regularity assump- 
tion on A that we have made. In comparison, the bound of [1] gives the same 
constant, but requires that H be restricted to a compact equisingular set D C a 
(that is, the set of roots vanishing on every element of D is the same). In particular, 
it does not give the correct bound when H approaches a root hyperplane as i — c». 
Theorem [2] will be derived from our analysis of stationary phase integrals in section 
1431 



We have an analogous result in the case of compact type, but which is weakened 
by the requirement that the group variable be constrained to a small ball about 
the origin. Let U he a compact Lie group, and K a subgroup with the property 
that {U,K) is a Riemannian symmetric pair. Let T C J7 be an Abelian subgroup 
which projects isomorphically to a maximal flat subspace of U/K, let C C ia*^ 
be a compact set which is bounded away from the walls, and let be a spherical 
weight of the form tjl, fi £ C (notations to be explained in section 7.1 1. If v?^ is 
the i^-spherical function on U with parameter /x, normalised so that (PfA.e) — 1, we 
then have 

Theorem 3. There exists a ball B d T about the origin such that 
Mh)\^c n il + t\a{h)~l\r^("y', 

Q6A+ 

uniformly for h €z B and Jl £ C . 

Theorem [3] will be proven in section 8.2 Note that it is possible to derive the 
asymptotic for ip^^ in the ball B corresponding to ^ using our methods, but we 
have not done so. 

Acknowldegements: We would like to thank Peter Sarnak, Melissa Tacy and 
Steve Zelditch for many helpful discussions, and the Institute for Advanced Study 
for its warm hospitality. 

2. The Proof in the Case of Noncompact Type 

We shall begin by proving theorem [T] in the case when X is of noncompact type 
in sections |2] to [6j The proof in the case of compact type is formally identical, and 
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we shall make the technical modifications to our argument which are required to 
treat it in sections [3 and |8l 

2.1. Notation. To introduce our notation in the noncompact case, let G be a 
simple real Lie group with Lie algebra g, and let K he a maximal compact subgroup. 
We have the usual decompositions 

g^t + p = t + a + q. 

We let A denote the set of roots of g with respect to a and A+ the set of positive 
roots corresponding to a closed positive Weyl chamber o"*" and nilpotent subalgebra 
n = J2aeA+ Sa- Define $ and <i>^ to be the set of simple positive roots and coroots. 
For any a S A we let m(a) denote the dimension of the corresponding root space, 
and for C A we define m{S) to be J2aes "^(o;)- We have m(A) = 2n— 2r, where 
n and r are the dimension and rank of X as above. 

We denote the Killing form on g by (,). If a is a root, Ha G a will be the 
vector dual to a under the Killing form, and will denote the dual positive Weyl 
chamber. M will be the subgroup of K commuting with a, and m will denote its 
Lie algebra. W will denote the Weyl group of a, which we shall think of as a set of 
cosets of M in K. Let A and N be the connected subgroups of G with Lie algebras 
a and n. We shall write log for the inverse exponential map on A. We have as usual 

G = NAK, .9 = nexp(i?(5))fc, H{g) e a. 

2.2. An Outline of the Proof. Let C C a!!j_ be any compact set which is bounded 
away from the walls, and let A G C. We shall approach theorem [T] by the standard 
method of constructing a family of approximate spectral projectors Tf onto a ball 
of radius 1 about tA, and bounding the norms of Tt from to L^. Note that 
all bounds we state will depend on X and C from now on, but will be uniform in 

A e C. 

We shall construct Tt using the theory of Harish-Chandra, which will allow us to 
gain good control over the behaviour of the integral kernel of this operator. Choose 
a function h € S{a*) of Payley- Wiener type, positive and > 1 in a ball of radius 1 
about the origin. Let 

ht{X) = Yl h{w>^-tA), 

wew 

and let be the A'-biinvariant function on S with Harish-Chandra transform ht 
(see |3] for an explanation of these notions) . It is of compact support independent 
of t and A € C by the Payley- Wiener theorem of [2- If 7* are the convolution 
operators on X associated to K^, it would suffice to prove bounds for ||Tt?/'||p of 
the form Q with ||A|| replaced with t, uniformly for A G C. As is common, we 
shall approach this by forming the adjoint square operator TfT^ and proving the 
bounds 

for the operator norms of TtT^ , where p' and p are dual exponents. 
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2.3. The Case of Rank One. In the rank one case, ([s]) may be proven quite 
easily using a dyadic decomposition of the i^T-biinvariant function Kt — * 
associated to TtT^* in terms of its radial support, and it is this argument which 
we shall extend to the case of higher rank. To briefly recall this argument, choose 
a e C5"(]R) to be positive, symmetric, and identically 1 in a neighbourhood of 0, 
and for m e Z>o let 



a{tx), m — 0, 

If we fix an isomorphism between a and M and define Kt,m{kiak2) — Pt,m{\og a)Kt{kiak2), 



Pt,m{x) 

Drphis 

it may be shown that 



(9) Ili^t.^^v-IU « r-ie-"^("-i)/^|ivili, 

(10) \\Kt,m*n2 « i"'e"||V||2. 

By interpolating between ^ and ( 10 1 we may prove the bound 

(11) 2<p<oo, 

where a{m) is defined by = t~^e"^ and L{x,p) is a linear function of x and 

1/p which interpolates between 

L{0,p) = (n-l)(i-i) and 
L(l,p) = 2n(l-i)-l, 

so that 

2%) -max{L(0,p),i(l,p)}. 
Because Kt had uniformly bounded support, we may assume that a was chosen so 



that Kt^m = for m > logt. With this choice, summing (11) over m is equiva- 
lent to summing a over the set [0, 1] n Z/logi, and the resulting upper bound for 
II ^t,m * V'llp is equal to HV'llp' times a geometric progression of length logt whose 
extremal terms are 

^Lio.p) t^ihp)^ xhe bounds (Isl follow immediately fr om this. 



2.4. Generalisation to Higher Rank. Our proof for higher rank groups works 
by applying a similar decomposition in terms of the Cartan co-ordinate to Kt- 
Complications arise in higher rank when we localise Kt in regions very close to the 
walls of a+ , and so we shall first describe a simplified version of our method which 
ignores this problem, before giving the full approach at the start of section [3] If 
/3m are as before, and m is an r-tuple of non-negative integers, define 

{xi,...,Xr) l3t,mi{xi) . ■ . l3t,m,iXr). 

Fix a linear isomorphism L between M^,q and o^, and let Pt,m be the function 
on a+ obtained by transferring /?( ^ under L and then modifying at the walls so 
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that the unfolded functions on a are smooth. Define the truncated kernel Kt^m by 
Kt^mikiak^) = /3t^in{'^oga)Kt(kiak2)- If we define the points e 0+ by 

so that iJjn is essentially a generic point in the support of Pt,m, the generalisations 
of ([9]) and ( 10 1 to higher rank may be stated as follows: 



(12) ||Xt,^*Vl|oo « t*"-''^/' n «(ffm)-™(")/'|lV'l|l, 

aeA + 

(13) \\Kt^m*^2 « n "(^-)ll^^ll2- 

We may simplify the dependence of these inequalities on m by using the asymp- 
totic 



(14) \na{Hjn)= max - logt + 0(1). 

Define 

L{x,p) : [0,1V X [1/2,00] ^ R 
to be the function which is linear in 1 /p and for p — 00 and 2 is given by 

L{x,oo) — n — r~y m(a) max Xi/2 

L(x, 2) = — r + > max x,- 

Define (T(m) = m/logt as before, and assume that we have chosen /3rn so that 



Kt.m = unless cr(m) S [0, 1]''. We shall show that interpolating between (12 1 and 



( 13 1 gives the bound 



(15) \\Kt^^*M\p^t^^''-''^\mp'- 

Moreover, L{x,p) has the property that if we divide the unit cube [0, 1]"" along the 
hyperplanes {xi = Xj : 1 < i < j < r} to obtain a collection of closed simplices 
{Ci}, then L{x,p) is piecewise linear on each 



On summing (15) over m we obtain 



(16) E ^^'"^''Iv'IIp'. 

CTe[oa]'-nZ'7iogt 

By the piecewise linearity of L{x,p), the constant in this bound may be thought of 
as a sum of generalised geometric progressions indexed by the simplices Ci. The 
common ratios of these progressions depend only on p, so if we let M{p) be the 
maximum value of L{x,p) and d{p) the dimension of the simplex on which this 



maximum is attained, we may simplify ( 16 1 to 
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Define = (0, . . . , 0) and = (1, . . . , 1). We shall see that in the case of A generic, 
L{x,p) attains its maximum exactly at either ug, vi^ or the line joining them. It 
will follow that 



and that d{p) is equal to 1 at the kink point and elsewhere, which gives ([8|. 

2.5. Removal of the Logarithmic Factor. It may be possible to remove the fac- 
tor of log in the theorem by combining the techniques developed here with Sogge's 
original proof of ([T]), and we shall now sketch a way in which this might be done. 

To briefly recall Sogge's original argument, let M be a compact Riemannian 
manifold, and let T\ be a spectral projector onto functions on M with Laplace 
eigenvalue near A^. We wish to prove the bound 



One may apply a partition of unity argument to reduce to the case in which the 
integral kernel K\{x, y) of T\ satisfies supp K\ C U x U, where U C M is a small 
open set which we identify with a ball in M", and {x, y) S suppi^A only if the vector 
(x — y)/\x — y\ lies in a small open set in 5'""^. In addition, one may choose T\ so 
that K\{x, y) is supported on the set {x, y : \x — y\ £ [C~^e, Ce]} for some C, e > 0. 
With this assumption, Kx may be expressed in the form 



where a\ € C°° and has all derivatives uniformly bounded, and '0 is real and 
C°°, and satsifies the Carleson-Sjolin condition [ij; will essentially be the geodesic 
distance from x to y). The conditions on ?/; and supp K\ imply that x and y may 
be split into two variables as 



in such a way that the restriction of the phase ip to each pair of planes (-,3) x (•, t) 
satisfies the nondegeneracy condition 



on supp K\ . 

The proof of ([T]) proceeds by expressing Tx as an integral of 'frozen' operators 
T^^ from {■,s) to (^i), defined by 



M{p)=ui&^{L{vo,p),L{vi,p))^25{p) 



||Ta/||p«A^«W||/|12. 



a; = (x',s) G M""i X M, ?/ = (y', e M"-i x M 



(17) 





-1 




The estimate one needs to establish for these operators is 



(18) 



n(n — 1) 

«K-^.ri+(i/f-i/p)A-^j+^ii/iu.(H„-.), p 



_ 2(n+l) 

Tl + 3 ' 
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as when one integrates this bound over s, t and u and apphes the Hardy-Littlewood- 
Sobolev inequahty, one obtains a bound for TxT'^ which imphes (fll). The bound 



( 18 1 is proven by interpolating between —¥ bounds, which are proven using 
the nondegeneracy condition ( |17[ ), and — > L°° bounds, which foUow from point- 



wise bounds for the kernel of Ty^{T^^)* derived using stationary phase. 

We shall now describe how this argument might be generalised to a locally sym- 
metric space S, beginning with some simple geometry which we shall make use of. 
Given two points x, y G S, let A{x, y) be any flat subspace containing them. There 
is an isometry of S which maps A[x,y) to the standard flat A, x to the origin in 
A, and y into exp(a+). After applying this isometry, there is a vector H{x, y) E a+ 
such that exp{H{x,y)) = y, which is referred to as the composite distance from x 
to y and is uniquely determined by them. We shall say that x and y are relatively 
singular if H{x, y)/\H{x, y)\ is on or near (depending on the context) a wall of a"*", 
and relatively regular otherwise. Note that the flat containing x and y is unique 
when X and y are relatively regular. 

Suppose that we can find an approximate spectral projector T\ whose integral 
kernel K\{x,y) is a point pair invariant whose underlying if-biinvariant function 
K\ (x) is supported away from the walls of the Weyl chamber, so that x and y are 
relatively regular when [x^y) S supp Kx. Restrict x and ?/ to a small ball U C S 
as before, and perform a spherical truncation on Kx so that {x,y) G supp Kx only 
if the direction of the unique flat through x and y lie in a small open set. Using 
stationary phase techniques, it should be possible to prove that Kx has the form 

Kx{x,y) = |lA||("-'^'/2 a{w,x,y)eM^i^wx{x,y)), 

wew 

^\{x,y) = X{H{x,y)). 

It may also be shown that the phase "0 defined here satisfies a certain higher rank 
analogue of the Carleson-Sjolin condition. For x G S, define to be the curve 



Zx = {S/xiJ\{x, y) -.y e S} c TxS, 

which we may identify with the curve Z = Ad^^-A C p. The normal to Z at any 
point is naturally identified with a, and the ambient curvature of Z at a, point p 
is a quadratic form from TpZ to a. The analogue of the Carlson-Sjolin condition 
satisfied by iJj is that this quadratic form is nondegenerate, in the sense that the 
associated bilinear map TpZ x TpZ ^ a has no kernel. 

We wish to bound the operator Tx using a freezing argument as in the general 
Riemannian case. The natural generalisation of the argument used there seems to 
be to choose a fiat A passing through U, and whose direction is contained in the 
set to which we have truncated supp if a, and to use the orthogonal projection onto 
A to define a set of co-ordinates mapping U into q x a. We may then express Tx as 
an integral of operators T^ ^, u, v G a, and attempt to prove the bound 
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for the norms of y{T^ w)* ■ The sharp form of theorem |lj would fohow from this 
by integrating in u, v and w and applying the Hardy-Litlewood-Sobolev inequality. 

The higher rank Carleson-Sjolin condition that we have claimed for ip should 
imply that its restrictions to the sets (-ju) x (■,«) are nondegenerate, and so the 
bound for the L — > L norms of T^JT^^)* should hold as before. The problem 
arises in bounding the L°° norms, which is equivalent to bounding the integral 

kernel K^^uix', v, y' , w) of T^^^{T^^^)* . We have seen that the kernel of TxT{ is large 
when X and y are relatively singular, and we expect K\ ^^ to behave similarly. 

However, it may be possible to get around this by decomposing T\T^ into two 
parts, one whose kernel is supported on relatively singular pairs and the other on 
regular pairs. We may bound the first component using the techniques of this 
paper, as we have shown that if we require x and y to be relatively singular enough 
then the U' norms of the corresponding component of T\T^ are negligible compared 
with the regular component. Having removed the part of y{T^ w)* whose kernel 
is large, we should then be able to apply the classical freezing argument to the 
remainder, as the methods for giving — > and — > L°° bounds should be 
compatible with the spatial truncation we have applied. 



3. Details of the Proof 
We have shown that most of the work in proving theorem [T] lies in establishing 



the estimates \12\ and (13 1 for the norms of the truncated kernels Kt,m- In this 
section we shall deduce slight modifications of these estimates from the pointwise 
bound for Kt given in theorem |4] below. We shall also give a precise form of the 
argument sketched in section [2^ which deduces theorem [T] from these estimates. 

The L°° norm of Kt.m is simply H-fCt.mlloo, and so the problem here is 

to give a good bound for |iirt(a)| which is uniform in a. By a careful application 
of stationary phase we have in fact been able to prove the following sharp upper 



bound, which imples ( 12 ) 



Theorem 4. We have 

(19) |i^t(exp(ff))|«r-'- [] (l+t|a(iJ)|)-™(")/2 

for all H IE a and A G C. 

This is the key step in establishing theorem [T] and sections |4j [5] and |6] will 
be dedicated to its proof. Theorem [2] will follow immediately from the methods 
developed in these sections. 

3.1. L? Bounds for Truncated Kernels. Estimating the — >■ LP' norm of Kt^m 
is the same as bounding the supremum of its Harish- Chandra transform. If we could 
show that the transform was localised near tK (and in particular, away from the 
walls of then we could prove sharp bounds for 

^t,m(A) = / Kt,m{g)vxi9)dg 
JG 

using the pointwise bounds for Kt and ^px given by theorem |4] However, when we 
sharply truncate Kt near the walls of the Weyl chamber, the support of Kt^m may 
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spread to the walls of the dual chamber where ip\ will be a power of t larger than 
expected. For this reason we have found it necessary to modify our partition of 
unity I3t,m so that it does not localise so sharply at the walls. 

We shall modify our partition by defining an equivalence relation ^ on Z'' H 
[O,logt]'' in terms of a small parameter 5 > 0. If m G Z*" n [0, logt]*", let |m| be 
max{rni}, and let S C [l,r] be the set of co-ordinates at which < (5|m|. We 
shall say that m ^ m' if |m| ~ |m'|, m and m' differ only in the entries in S", and 
m'^ < S\m'\ for i E S. Let Vt be the resulting set of equivalence classes. 

Choose a representative m from every equivalence class in Vt whose entries are 
as large as possible, denote the class of m by 5(111), and let Mt C Z*" n [O,logt]'' 
be the set of all these representatives. We redefine our partition of unity so that it 
is indexed by m e A4ti £^nd so that /3t.m is now the sum of the previous /?( j over 
j € S{m). We make the corresponding modification to -fiTt.m- We shall say that m 
is regular if S'(m) consists of a single element, and that it is singular otherwise, and 
define Hm as before for m e Ait- 

With this new choice of /3t,m, we may prove 
Proposition 5. Kt.m satisfies the bound 

(20) \\Kt ,m II 00 

for all m € Ait- 



We begin by showing that Kt^m{tX) satisfies ( |20[ ) when A is far from A. In 
particular, let D C a* be a small ball about A which is bounded away from all root 
hyperplanes, and assume that X ^ D. Let (3t,m be the if-biinvariant function on S 
corresponding to /3t,m, so that 

Kt,mitX) = / Pt^mKtftxds. 
Js 

If we substitute the definition of iptx as an integral of plane waves, and the analogous 
formula for Kt given by lemma [6] below, this becomes 

(21) Kt,mit\)^t"-'' [ [ ^t,mis)9it,k,s)exp{itX{H{s))^itA{H{ks)))dsdk, 
Jk Jb 

where _B C 5 is a ball containing the support of Kt for all t, and all derivatives 
of g{t, k, s) in k and s are uniformly bounded. Define tp{-^: s) to be X{H(s)) — 



A{H{ks)). We shall show that the integral ( 21 ) is rapidly decaying by showing that 
the gradient of V' in s is bounded from below. 

Choose a large ball Di C a* centered at the origin and which contains _D, and 
suppose for the moment that A G I3i . When p G S corresponds to the identity in 
G, we have 

d^p{X,k,p){v) = {X-Ad^'A){v), vep. 
It follows that the gradient oi ip in s at p is bounded from below, uniformly in 
k G K and A S Di\ D, and it follows from continuity that this also holds for s 
in some small ball Bi about the origin. We may assume without loss of generality 
that the support of Kt is contained in Bi for all t. 
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We wish to prove the rapid decay of the inner integral in (21 1 by applying inte- 
gration by parts with respect to the field V s4'- We know that all derivatives of this 
vector field are uniformly bounded in K and A € Di \ D, and so it only remains to 
show that the derivatives of Pt.m are smaller than the power of t we gain from the 
partial integrations. 

If d is any differential operator on S of order a with continuous coefhcients, then 
it follows from the definition of /3t^m that 

|5A,m|«a max(te-'"')". 
Our assumption that min nii > S max then implies that 

After substituting the asymptotic ||-ffm|| ~ {te~ maxmi-j-i^ ^^^is becomes |9/3t.m| 
^ll^^^mll ''^ By performing A partial integrations with respect to the vector field 
X = VsV' on the inner integral in (21) and using \X^f3t^in\ < t^\\tHjn\\^^^ , we 
obtain 

Kt^mitX) «A t"-'"V0l(supp(A,m))||t-ffm|r'^. 

We have the asymptotic 

(22) Vo\{supp0t,^))^ l[a{H^) J] 

qG* aeA+ 

and substituting this gives 

« Yl a{H^) 

as* 

as required. If A ^ Di, we may replace A, A and t with A/||A||, A/||A|| and i||A|| so 
that A and A are again varying in two disjoint compact sets, and apply the same 
argument. 

Finally, the case of A G -D follows easily from the approach discussed at the start 
of the section. We have the bounds 

aeA+ 
aGA+ 



and combining these with the volume asymptotic ( 22 1 gives ( 20 ) . 
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3.2. Simplification of U' Bounds. We shall now give a precise version of the 
argument of section |2.4[ which deduces theorem [l] from theorem [4] and proposition 
[5] We begin by proving that if L{x,p) is defined as before, then for all e > there 
exists a (5 > such that we have the bounds 

(23) |lift,m*V'l!p«5^''^"'^^ll^llp' 

when m is regular, and 

(24) ||i^t.m*^||p«.i'^("'^)+iV'llp' 

otherwise (recall that the definition of regularity depends on 5). By interpolation, 
it clearly suffices to check these for p = 2 and 00. When p = 00, theorem |4] and the 
definition of /3tm imply that for all e > 0, there exists ^ > such that 

aeA+ 

where we may drop the e if m is regular. It therefore suffices to show that if 

QeA+ 

then we have ^(m) < L{a, 00) + 0(1/ log i), and applying (14) to the above gives 



A{m) = {n-r)/2- m{a)\oga{H^)/2logt 



aeA+ 



= n — r— m{a) max mi/2 log i + 0(1/ log i) 

= i((T,00) +0(l/logi) 
as required. Likewise, when p = 2 we may define i?(m) by 

and we wish to show that B{m.) < L{a,2) + 0(1/ log i). Applying (14 1 again gives 



i?(m) — — 7' + > max m^/logt + 0(l/logi) 
= L(a,2) + 0(l/logi), 



which implies ( 23 ) and ( 24 1 



Having established the role of L{x,p) in bounding Kt^, we now prove our as- 
sertion about its maximum value and the equality 

(25) max{i(i;o,p),i(wi,p)} = 25{p), 

where vq and vi are as before. By the piecewise linearity of L on the simplices Oi, 
it suffices to understand the maximum of L{v,p) when v G {0, 1}'". We shall freely 
identify such v with their image in a"*" . It may be seen that max Vi is zero exactly 

Q(a;i)5.iO 
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when V lies in the kernel of a, and so if we define to be the set of roots vanishing 
on u, and A+ = A+ n A„ and $„ = $ n A+, we have 



L{v,oo) = (n-r)/2 + m(A+)/2, 

L{v,2) - -|a>,|. 

We have m(A+) — n — r and — r when v = vq, and m{A^) = |<i>i,| = when 



V = vi, and it can easily be checked that this implies (25). 

To prove the assertion about the maximum of L{x,p), we must prove that the 
linear function L{v,p) of l/p is always strictly dominated by the two functions 
L{vq,p) and L{vi,p). If we define 

M(s) = max{m(A+) : |$^| = s, < s < r}, 
then for any w, L{v,p) is dominated by the linear function of \/p interpolating 
between the points (0, {n — r)/2 + M{\v\)/2) and (1/2, — |f |). Showing that this is 
dominated by L(vo,p) and L{vi,p) is therefore equivalent to showing that M{s) is 
strictly convex as a function of s. A„ is the root system of a Levi subgroup My 
in which A^ and are a system of positive and simple roots, and so the Dynkin 
diagram of Ay is given by the diagram of A restricted to Using this obser- 
vation, together with our assumption that q is simple and Cartan's classification 
of symmetric spaces, it may easily be checked that rn(Aj) obtains its maximum 
for fixed |<i>i,| when forms a connected subset of the Dynkin diagram, and that 
M{s) is convex as required. 



Finally, because the factor of in the bounds ( 23 1 and ( 24 ) only appears when 
m is very close to the walls, the value of L{a,p) for such m will be less than 2S{p) 
by an absolute constant. By choosing e small we may therefore assume that the 



contribution from these terms to the sum ( 16 1 is negligible, and so we may deduce 
the bound (|8| from (23) and (24) by summing the geometric progressions as before. 



Remark. We have discussed in the introduction that the norms of a zonal 
function and Gaussian beam with parameter tA are roughly max{t^^"°'P\ 1} and 
iLRax{t^'-'"^'P\ 1} respectively, so that vq and vi may be thought of as corresponding 
to these two regiemes of concentration. In general, if u G {0, 1}'' is arbitrary then 
we may construct an analogous wave packet which is spatially concentrated on 
My, and whose norm is approximately maiJi{t^^'"'P\ 1}. If My = ZyX My, where 
Zy and My are the centre and derived subgroup of My, then tp will essentially be 
the product of a plane wave on Zy with a truncated spherical function on My. 

4. Bounds for the Kernel Kt 

We now turn to proving theorem|4] The first step is to invert the Harish- Chandra 
transform, which converts the problem to one of bounding the oscillatory integral 
on K appearing in the following lemma. 

Lemma 6. We have the formula 

(26) Xt(a)=r-'-/ g{t,a,k)e'"^'^''^Uk, a A, 

where 4>aik) is equal to —A{H{ka)), g e C°° , and all k-derivatives of g are uni- 
formly bounded in t and compact subsets of A. 
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Proof. The Harish-Chandra transform of Kt is equal to 



h{wX - tK) j 



= Yh{wX-tAf+ ^ h{wiX - tA)h{w2X - tA) 
= Y h{wX~tAf + s{X,t), 

where s(A, t) is a Schwartz function of A and ah its norms in the Schwartz topofogy 
are rapidly decaying in t. Inverting the Harish-Chandra transform gives 

Kt{a) = / Kt{X)'P-x{a)\c{X)\^dX 

JW\a* 



[ V /i(wA-<A)V-A(a)|c(A)|2dA 
s{X,t)^^x{aMX)\^dX. 



'W\a' 

The second term is of uniform compact support in a by the Payley- Wiener theorem 
of [2], and rapidly decaying in t, and so may be ignored. Substituting the expression 
for if-x as an integral of a plane wave over rotation by we have 

Ktia) = [ f h{X-tAfe'^P-'^'>^"'^'"'y^\c{X)fdX 



K Ja 



(27) = / f{t,H{ka))e~''^^"^'"''>Uk, 

Jk 

where f{t, H) is given by 

f{t,H) = I /i2(A)e(''-'^)(^)|c(A + tA)|2dA. 



If we make the definition g{t^ a, k) — f{t, H{ka)), it remains to give bounds for the k- 
derivatives of f(t, H{ka)) which are uniform in t and for a varing in a fixed compact 
set, which would follow from similar bounds for the 7?-derivatives of f{t, H). This 
function is equal to e'''-^^ times the Fourier transform on o* of h?{X)\c{X + iA)p, 
and so we have 

|a]^/(t,i7)|«„,B / h\X)\\Xr\c{X + tA)\'dX 

J a" 

ioi H G B, B C a compact. The formula for c(A) (see for instance theorem 4.7.5 
of [3]) implies that |c(A)|2 < ||A||"-^ so that 



5(A)|c(A + iA)|^dA r-'- 
for any Schwartz function s. It follows that \d^f{t,H)\ <C„,c t"-~'^ , as required. 
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□ 



The oscillatory integral of lemma [6] is a slight generalisation of the one studied 
in [T], in order to give asymptotics for the spherical function if\ as A grows along 
a ray. The stationary phase techniques of that paper allow one to prove the bound 
of theorem |4] for H and A fixed, or varying in compact subsets of a+ and a!j_ 
which are bounded away from the walls, but this is not strong enough for our 
purposes. Proving the bounds of theorem |4] for Kt requires giving a description 
of the behaviour of (pu near its critical set, uniformly as H varies in an arbitrary 
compact subset of o, which is complicated by the fact that this critical set jumps 
when H enters or leaves root hyperplanes. We have done this in proposition[9]below, 
which describes the degeneration and vanishing of critical points of 4>h accurately 
enough that a sharp upper bound for Kt follows easily from it. 

From now until the end of section[6] we shall fix / e iiT and bound the contribution 
of a small neighbourhood of I to the integral (26). The bound we shall prove is 
stated as proposition [Sj and theorem |4] follows easily from this by a partition of 
unity argument. 



4.1. Notation. We define (f)H and Kt{H) to be 0oxp(_f/) £^nd Kt{exp{H)) respec- 
tively, and shall assume from now on that H is confined to a fixed compact set which 
contains the support of Kt{H) for all t. We shall fix ^ S and define Kt^i{H) to 
be the contribution of a small neighbourhood of / to the integral (26), which means 
that we choose a small open neighbourhood I S B and a smooth cutoff function b 
with supp(6) C B and define 



(28) Kt,i{H)^ [ b{k)g{t,exp{H),k)e'"'"''^''Uk. 

Jk 

Note that we have dropped the factor of i"^'' for simplicity. We have also sup- 
pressed the dependence of Kt^i{H) on B and 6, but all upper bounds we prove 
for Kt^i{H) will depend on these choices in the following way: when we write 
Kt^i{H) <C X{t,H), this will mean that there is a sufficiently small neighbourhood 
B such that Kt,i{H) < C{b)X{t,H) for any b with supp(6) C B. As we will only 
need to apply finitely many bounds of this form in the course of our proof, we may 
therefore ignore this dependence on the cutoff function. 

The critical set Ch of (pn was calculated in proposition 5.4 of ^4 to be 



(29) Ch = WKh, 

where Kh C K is the stabiliser of H. Moreover, it was shown that the critical points 
of 4>H are nondegenerate in the directions transverse to Ch, and the Hessians at 
these critical points were calculated. We define o/ C a to be the subspace 



ai = Ad, ^an a. 

Define i C G to be the connected Levi subgroup with Lie algebra [ which fixes 
0; under the adjoint action. Let — K Ci L, and decompose [ as pi -I- i^- The 
significance of a; for the behaviour of (pn is described by the following lemma. 
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Lemma 7. 

ai = {H ea:le Ch}- 

Proof. H IE ai if and only if there exists H' £ a such that Ad[^H' = H. If 
Ad^^H' = H, this imphes that there exists w £ W such that H' = wH, so that 
Ad^^wH — H. Therefore l~'^w € Kh^ and / g Ch- Conversely, if / — win € Ch 
for some H £ a then we have Adf^wi? — Ad^^H — H, so H £ ai as required. 

□ 

We have Kl = Kh for H £ ai generic, and so lemma [7] implies that we may 
write / as wIq, where G Kl and w G W. We shall decompose a as an orthogonal 
direct sum a = + a' , and write the decomposition of H as Hi + HK We let A; 
be the set of roots which vanish on a;, which is exactly the root system of L, and 
let A' = A \ A; be its compliment. 

It may easily be seen that 4>H{k) and g(t,a^k) are left Af -invariant, and from 
now on it will be convenient to think of them as functions on the quotient space 
R — M\K. We shall identify I with its image in R. Choose a basis {Yi}1~[ for 
C t which is orthonormal with respect to the Killing form, and so that for each 
1 < i < n — r there is a root at G A+ such that Yi e . + 0-q. . Let Xi = Ad^^^y^, 
and define 

5 = span{Xi : ai e a'} C t 
so that the set Zexp(s) is transverse to IK^. We shall assume that the Xi are 
ordered so that ai G A' for i < m(A')/2, and G A/ otherwise. Let Xi be the 
vector fields on R generated by right multiplication by the one-parameter subgroups 
expitXi), which form an orthonormal basis for TR at the point I. 

We shall generally use the following notation for open sets in o, i?, a x R, and 
their complcxifications. Fix a large closed disk 13 C a containing the i7-support of 
Kt{H) for all t and A G C, and let = D n a;. Ba will denote an open set in a 
or a; containing D or Di, depending on the context. B and Bh will denote open 
neighbourhoods of Hn i? which are respectively independent of, and dependent on, 
H. 

Our proof of theorem [4] will involve complexifying a and R. It will be convenient 
to have a global complexification of i?, which we construct by assuming that G is of 
adjoint type so that K occurs as the real points of a connected complex algebraic 
group Kc- If we define Mc C Kc to be the subgroup fixing a, then i?c — Mc\Kc 
provides the required global complexification. U will denote an open neighbourhood 
oi D X I in ac x i?c, or oi Di x I in O/^c ^ Rc, depending on the context. We shall 
let Ua denote the projection of U to oc or a;.c, and assume that Ua x I c U. For 
H E Ua, define Uh ~ U D {H x Rc), which we shall think of as an open subset of 
-Rc- 

4.2. Framing of the Critical Points. By analysing the behaviour of (j)H near I 
and using stationary phase, we will prove the following bound for Kt i{H): 

Proposition 8. We have 

(30) \KtAH)\^iA\\tH'\\-^ n a+tHmr""^"^^^ 

aeA'nA+ 
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for any A > Q. 

This follows easily from the following proposition, which gives the required de- 
scription of (t)H near I for varying iJ, and lies at the heart of all of our asymptotics 
for spherical functions and the kernel Kt- 

Proposition 9. For all I £ R there exist B and Ba as above, and S, p > 0, such 
that for all H ^ Ba there exists an open set Bh 2 B with the following properties. 
If we assume without loss of generality that \\H^\\ < 6\ai{Hi)\ iff i < N, there exist 
co-ordinates 

{E,Y) : Bh ^ {-p^pf x 

such that: 

(1) The changes from geodesic normal co-ordinates about I to and back 
have all derivatives hounded uniformly in H . 

(2) In the co-ordinates (S, Y) we have 

N 

(31) ^h{^,Y) = f{Y)+Y,HwH^MHl)C^ 

i=l 

for some function f G C°°((— p)"^''^^), all of whose derivatives are 
bounded uniformly in H . 

(3) For every H there exists a vector field Xjj on {—p, p)^~^~^ , all of whose 
derivatives are bounded uniformly in H and such that 

\XHf\ ■>B^B^ \\H'\\ 

Remark. We shall see in the course of the proof of proposition [9] that the sets B 
and Ba, and all bounds on the derivatives of S, Y , f and Xh, may be assumed to 
be uniform in A G C, which yields the A-uniformity of our results. This will follow 
from elementary book-keeping, and a simple observation which we give at the end 
of section [5] 

Proposition [9] should be viewed as describing the way in which two different 
effects influence the behaviour of (f)H at L When e a;, we know that I is a 
critical point of (j)^ • Correspondingly, = n — r in proposition [9] so that the first 



term in (31) is trivial, and we have a complete description of this critical point in 
the co-ordinates S which is uniform in H . After changing co-ordinates to S and 
applying stationary phase, this gives the bound 

\Kt,{H)\^i n {l + t\a{Hi)\)-^^^^/^. 
QeA'nA+ 

When H leaves a;, e**"^" starts to oscillate along the orbit IK^, and this lets us 
show that 

\Kt,i{H)\^i,A\\tH'r^ 



for any A. When ^ this provides a bound equivalent to that of (30|. 

To prove proposition |8] we must give a description of 4>h which allows us to see 
both the developing oscillation along IKi^ and the transverse critical points at the 
same time, uniformly in H , and this is what proposition [9] provides. Indeed, the 
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directions Xi with \\H'\\ < Sai{Hi) can be thought of as those for which the per- 
turbation of H off ai does not significantly aher the critical behaviour of in 
the direction Xi. As a result, an application of stationary phase in the direction 
Xi will strengthen the upper bound for \Ktj{H)\ by a factor of (1 + t\a{Hi)\)^^/^ . 
The directions Xi for which > Sai{Hi) are those in which the perturbation 

overwhelms the original curvature of </>h, but while we may no longer apply sta- 
tionary phase in these directions, the factor of ||ti/'||~'^ coming from the oscillatory 
integral along IKl makes up for this. 

To formalise this argument, let b be any cutoff function with support in B. 



Absorb g{t,exjp{H), k) into b, so that we may write (28) as 



Ktj{H)= [ fe(i,exp(i7),/c)e**'^«('=)dfc 
Jr 



where all i?-derivatives of b are uniformly bounded. After changing co-ordinates to 
(S, Y) this becomes 

Kt.iiH) = [ 6(t,i?,y,S)exp (itfiY)+ity^wA{H^Ja,{Hi)^i] \J\dYdE, 

where J is the Jacobian of the change of co-ordinates and has all its derivatives 
uniformly bounded by condition (1) of the proposition. Applying stationary phase 
in the S- variables, we obtain 



Kt,i{H) = I bo{t,H.Y)eM^tfiY))dY, 
where bo satisfies 



\\H'\\<Sa,{H,) 

for all y-derivatives d". Partial integration with respect to X^ and the inequality 

n {l+t\a,iHi)\)-'^' ^B^A \\tH'\\-'' 

\\Hm>Sa,{Hi) 

for some A completes the proof of proposition [Sj and hence of theorem [4j 

4.3. Proof of Theorem [2} The upper bound Q for (ftx given in theorem |4] 
follows immediately from the methods we have developed to bound Kt- To derive 
the asymptotic formula Q, express iptx as the integral 

(p,^(a) = / e^P+^txKHika))^f^^ ^^^^ 



jR 

and let i^pt^i be the contribution of a small neighbourhood of / to this integral as 
before. By proposition |8j it suffices to consider only the contributions ipt,w from 
neighbourhoods of the Weyl points in R. Because a/ = a when I = wis a. Weyl point, 
proposition |9] gives a complete uniformisation of 4>h near w. Applying stationary 
phase then gives 
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(pt,„(exp(i/)) = exp(ii(/.H(w))t("""^/'C(w, H, A)(l + OB,cAt max \l\a{H)\)) 

aG A 

= e**^("'^)t("~'')/'C(u;, H, A)(l + Oe.cAi max l/\a{H)\)), 

A 

where C{'W,H^\) is a constant calculated in terms of e^^^^^^ and the Hessian de- 
terminant of (pH at w. This constant may be determined by comparison with the 
asymptotic formula in theorem 9.1 of [T], and summing over w gives ([6]). 



5. Analysis of (j)H, Part I 

We shall approach proposition [9] by first restricting iJ to a; , so that I is always 
contained in the critical point set. This simplifies matters considerably, as we only 
have to deal with the degenerations of the critical point rather than the way in 
which it vanishes, and allows us to prove a form of the proposition with much 



better uniformity in H which is stated as proposition 10 below. We shall consider 
the case of general H in section [6j by writing cj)H as + (cj^H — <i>Hi) and viewing 
0_f/ ~ as a perturbation of a function which we have already described. 

The Hessian of 0^ at I was calculated in proposition 6.5 of [I], and with 

respect to the basis Xi of T/i? is given by the diagonal matrix 



(32) {D<l>H)^^ = \t.{wH^;)(\ - e-"'(^)). 

is right-invariant under Kj^ when H G ai, which corresponds to the fact that 



(32 1 vanishes when ai(a;) = 0. One also sees that the critical point at I is nonde- 
generate transversally to IKl for generic H, but degenerates in the direction Xi 
when ai{H) = 0. These features are reflected in the following proposition, which 
gives us our initial uniformisation of for H Cz Ui. 

Proposition 10. Let U and Uh be eomplex open neighbourhoods of D x I and I 
as above. For U sufficiently small, there exists a collection of analytic functions 
{zi : I < i < n ~ r} on U such that 

(1) For each H G Ua, {zi} restricted to Uh form a co-ordinate system about I. 

(2) The functions Zi are real on a; x R. 

(3) <j)H has an anlytic continuation to U , which may be expressed in the co- 
ordinates {zi\ as 



(33) ^H{k) = (I>h{1) + Y,HwH^MH)zfiH,k) 

(4) For ai £ A;, the value of Zi on Ik^ exp(s) for G and s G s depends 
only on fc^. 

We shall prove proposition [lO] by analytically continuing (pn to [/, and applying 
an inductive argument to the complexified function. We shall also continue the 
vector fields Xi, by thinking of the action of _R"c on i?c as a biholomorphic map 
P : Rc X Kc — >■ -Rc and defining Xi to be the image of Xi G tc — T^Kc under the 
differential of P. If we decompose (the complexification of) tc into its type (1,0) 
and (0, 1) parts and let X^ and X^ be the corresponding components of Xi, we 
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may associate vector fields Xf^ on i?c to Xf in the same way. We see that X^' 
and X~ are holomorphic (resp. antiholomorphic) , and that Xi = X^ + X~ . 

Define C to be the set U C\ [Ua x IK^^c), which hes in the critical set of (pH for all 
H G ai^c by (29 1. The inductive step of our proof may be stated as the following 
proposition. 

Proposition 11. Let zi, . . . , Zt-i, t < m(A')/2, be analytic functions on U satis- 
fying the following conditions: 

(1) Zi are real valued on o; x R. 

(2) The differentials of Zi\jj^ are linearly independent at I for all H (z Ua- 

(3) The kernel of the Zi is a smooth submanifold Z <zU which contains C . 

(4) IfZH = Zr\ Uh, then TiZh = span{Xf ■.i>t}. 

Furthermore, suppose that there exists an analytic function w : U ^ Z with the 
following properties: 

(5) ^|z = id. 

(6) TT preserves the fibres Uh and the real submanifold O; x R. 

(7) kerDTT = span{^f : 1 < « < i - 1} along Z. 

(8) We may express (pn in terms of the functions Zi and n as 



(34) q^H{k) ^ cj)Hi7:iH,k)) +J2MwHaMH)zfiH,k) 

1=1 

Then, after shrinking U if necessary, we may find a set of t co-ordinate functions 
with kernel Z' and a function n : U Z' with the same properties. 

Proposition |10| follows from the conclusion of this inductive argument. Indeed, 
when t = m(A^/2 we have dimZ = dimC, so Z = C and 0// (7r(iJ, fe)) = (pnil) by 



the right invariance of under Kl,c- This implies that the expressions (33) and 



(34 1 for (j>H{k) agree, because we have ordered the so that the last m(A/)72terms 



in the first sum are zero. We may therefore establish proposition |10| by extending 



the set of functions {zi} provided by proposition 11 to a co-ordinate system about 



I by adding any functions which satisfy conditions (2) and (4). 
Proof. Because Ad;^ fixes ai pointwise we have 

Xt = Ad^Vt € span{r, : {at - a,)|a, = 0}, 
and so [H,Xt\ = when at{H) — Q. If we let Lt = 0;^c H kerctf, this implies that 
when H £ Lt we have 



Xt^nik) = j^cbnikexpitXt)) 



t=o 



= -^A(i/(fcexp(iXOexp(i/))) 
at 

= -^A(iJ(fcexp(i7)exp(tXt))) 
= 



t=o 



t=o 



Because X^ (p is identically due to the holomorphy of </>, this also implies that 
X^cpnik) vanishes when H G Lt. For i > t, let Vi, and V~ be the analytic 
(resp. holomorphic and antiholomorphic) vector fields on Z defined by 
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y,., = Dtt^X, , F± = Dn^Xf , for z e Z, 

which are nowhere vanishing by assumption (7) on tt. Moreover, assumptions (4) 
and (5) on TiZh and tt imply that = Xf along UaX I- Let ■0 be the restriction 
of 4>H{k) to Z. By differentiating equation (34 1 with respect to X^ , we obtain 



t-i 

X+(^H{k) = V+iP{^{H,k)) + Y,^^^Ho.,)a,{H)z,(H,k)X+ z,{H,k), {k,H) e Z. 

i=l 

The second term on the RHS vanishes by assumption (3), and so we see that Vf^'ipiz) 
vanishes when z & Zt = Z f] {Lt x Rc)- Condition (2) on the functions Zi implies 
that Zt is a smooth analytic submanifold of Z of codimension 1 in a neighbourhood 
oi Ua X- I in U. Because Zt is defined by the analytic function at{H), this implies 
that after possibly shrinking U we may find an analytic function / on Z such that 



(35) V+^{z) = at{H{z))f{z). 

Because Vf^ifi — Vtip and ip is real on Zq — Z Ci {ai x R) , we see that / is real valued 
on Zq. We shall require the following about /: 

Lemma 12. The function f has the following properties: 

(1) / vanishes on C . 

(2) For all z e Ua x I, we have V^^ f ^ and f = for all i > t. 

(3) A{wHat)Vtf{z) is real and positive for z e a/ x Z. 

Proof. Because C is contained in both Z and the critical set of 4>, it is also contained 
in the critical set of ■0. / therefore vanishes on C\C D Zt, and hence on C by 
continuity. 

For i > t we have 

K-^f = V+V+^P/atiH{z)), 
and because — X^^ for z — {H, I) e Ua x I we have 

V+V+i:{H,l) = X+X+cp{H,l) 

= {X,,Dcl)HXt) 

= -i^,tA(«;i7„J(l-e-"'(^)), 

(36) V+V+i^{H,l)/at{H) = -i5,tA(«;i7„J(l - e-"'(^))/a,(iJ). 

f is therefore for i 7^ t, and when i ^ t it may be seen that we can ensure that 
f by choosing Ua to be sufficiently small in the imaginary directions. The 



final claim about the sign of Vtf follows easily from (36) 



□ 



Lemma 12 implies that (after possibly shrinking U again) the zero locus of / 
is a smooth analytic submanifold Z' G Z of codimension 1, which contains C and 
whose tangent space is everywhere transverse to Vf^ . Moreover, if Z'^ — Z' Ci Ur 
then assertion (2) of lemma 12 and the fact that — Xf on Ua x I imply that 
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TiZ'h = span{V^± : t > t} 

= span{Xj* : i > t}. 

We denote Z' n Zq by Z'q, which is a real codimension 1 submanifold of Zq. 

Because Vf^ and V^~ are complex conjugates, they commute and we may in- 
tegrate along the real parts of their span to obtain an analytic projection map 
TT^ : Z — > Z'. The restriction of nz to Zq is just the map Zq — > Z'q given by 
integration along the real vector field Vt. If we define tt' = tt^ o tt, we see that 
tt' :[/—>■ is an analytic function which is the identity on Z' , preserves Uh and 
0/ X R, and has the property that for z e Z', 



ker Dn' = span{Xf : 1 < i < t - 1} U {Vt^} 

= span{Xf ■.l<i<t}. 

tt' therefore satisfies conditions (5), (6) and (7) of our inductive hypothesis with 
respect to Z' and the vector fields , • • • , . 

It follows from (35 1 that the function ^(z) = (ip{z) — i/j{Trz{z)))/at{H) is 
bounded, and hence analytic, on Z. Moreover both ^ and Vf^"^ vanish on Z' , 
while we have 



= {V+rWz)-i,{nz{z)))/a,{H) 
= V+fiz) 

^ 0, Z eUa X I. 

^' therefore vanishes to exactly second order along Z' , and so has no other zeros in 
some small neighbourhood of that set containing [/„ x I. In addition, assertion (3) 
of lemma 12 implies that A{wHa^)'if is real and non-negative on Zq. This implies 
that there exists an analytic function ^ on Z which is real on Zq and such that 
A{'wHat )£,^ — and so by the definition of we have 



(37) 



^(z) = i^inziz)) + A{wH^^)at{H{zmz)^ 



Define the function zt on U to be ^(tt{z)). Because tt mapped a/ x i? to Zq and 
^ is real valued there, we see that Zj is real on x R. Because ^\zh has nonzero 
differential at I for all H we see that the collection of functions {zi|c/^ : i < <} again 
have linearly independent differentials at I. The kernel of {zi : i < t} is Z' , which 
is smooth and contains C, and we have already established condition (4) on TiZ'j^, 
so that our new collection of functions satisfies conditions (1) through (4) of lemma 

HH 



It remains to establish the extension of (34) to our enlarged set of co-ordinates. 

\z and tt' — TTz o tt. 



Setting z — ■k{H, K) in (37) and recalling the definitions -i/; 



we may substitute (37) into the existing form of (34) to obtain 



(38) 



hnik) = 0H(7r'(iJ, k)) + ^ A{wH^Ja,iH)zfiH, k). 



This completes our inductive argument. 
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□ 

Remark. To make proposition [TO] uniform in A, introduce A as an extra complex 
variable and apply the argument above to an open neighbourliood of Z? x Z x C 
in o/^c X X flc- follows from this that the co-ordinate functions zi depend 
analytically on A, and this may be used to make all subsequent bounds uniform in 
A as well. 

6. Analysis of 4>h-, Part II 

We now consider the problem of describing <f>H for general H . Z is no longer a 
critical point of 4>h if H ^ ai, and by quantifying this fact appropriately we will 
be able to prove the bound \Kt^i{H)\ <C ^"^ for any A if > We may 

therefore assume that H is very close to a;, and view (pn as the sum of the well 
understood function (jiHi and the small perturbation (pn ~ (f'Hi ■ 

To describe our approach, extend the open sets [/„ and U produced by proposi- 
tion 10 from o/,c and a;,c x Rc to ac and oc x i?c by taking their products with 
an open ball in a^, and extend the co-ordinate functions Zi by making them inde- 
pendent of HK It follows from the analyticity of 4>H{k) that all i?-derivatives of 
(t^H ~ <f)Hi are <C liiZ'H, uniformly in k and H. As a result, if a root ai satisfies 
5ai{Hi) > \\H''\\ for some small 5 then the critical point of (j>Hi in the Zi co-ordinate 
will be preserved under perturbation by (jin — 4>Hn while if ai{Hi) is much smaller 
than \\H'-\\ it may be overwhelmed. Choose 6 > 0, assume that the co-ordinates Zi 
are ordered so that Sai{Hi) > iff i < iV, and define 

X = {zi,...,zn) 

Y = (zAT+i, . . . ,z„_r). 

It will follow that there exists a holomorphic function ^ such that (t>H{X,Y) has 
a nondegenerate critical point in X at '^{Y) for each fixed Y , and by uniformising 
this critical point we shall be able to write as the sum of 0^(^(5^), 1^) and a 
quadratic form in N new co-ordinates which vanish on the set Z = (^'(y), Y). 

The result of this approach is stated below as proposition [TSj from which the 
first two points of proposition [9] will easily follow. The third point will be proven 



in section 6.2 after an analysis of the derivatives of (f>H as H leaves oj. 



6.1. Perturbation of H. We shall assume that the co-ordinates Zi map Uh iso- 
morphically to £'(0,p)"^'' for some p > and all H g Ua, where D{Q,p) denotes 
the open disk of radius p in C, and we shall identify these two sets. With this in 
mind, we may state the following: 

Proposition 13. There exist positive constants Ci, C2 and C3 which depend only 
on Ua and I, such that the following is true for any choice of p < Ci < 1, S < C2P^, 
and H £ [/„; 

Assume that the co-ordinates Zi are ordered so that ai satisfies \\H^\\ < 5\ai{Hi)\ 
iff i N , and let X and Y be as above. There exists a holomorphic function 

* : £'(0,^)"-'-^ ^ D(0,C3<5)^, *(0) = 0, 
a set Z C D(0,p)""'' defined by 

z = {(vi/(r),r):rei?(o,p)"-'-^}. 
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and holomorphic functions ^i, 1 < i < N , which vanish on Z such that 



N 



1=1 



(40) 



5. 



« 



Moreover, if H Cz a the restrictions of ^ and S,i to the submanifold R are all real. 

Before giving the proof of this proposition, we shall explain how it implies propo- 
sition [9] with the exception of condition (3). The holomorphy of the co-ordinates 
Zi on U implies that, after shrinking Ua, for every sufficiently small p' > there 
exists a ball I € B' C R such that B' C Uh ^ D{0, p')""'' for aU H e Choose 



p' and S as in proposition 13 and let ^ = (^i, . . . , ^^r) and Y — {z^+i, • ■ • , Zn-r) 
be the co-ordinates produced by the proposition. If we choose 5 so that 5/{p'Y is 



small, condition (40) implies that there exist p > and an open set Vh C Uh for all 
H E Ua such that the co-ordinates (S,^) map Vh isomorphically onto D{0, p)^~^ , 
and there is a ball / G B such that B C Vh- These 5, p, B, and the restrictions of 
S and y to i? will be the data satisfying the conditions of proposition [9j 

To prove that the real restriction of (S,y) satisfies condition (1), first note that 
the co-ordinates Zi satisfy the same condition with respect to the complexified 
geodesic normal co-ordinates on compact subsets of U by holomorphy. Condition 



(40 1 and our freedom to shrink U therefore implies the same for the complex co- 
ordinates (S, Y), and we obtain (1) by restriction to R. 

Condition (2) follows from ( [39| by setting f{Y) = <l)Hi'^{Y),Y) once we know 
that all derivatives of / are uniformly bounded in Y and H. This follows from the 
corresponding bounds on the derivatives of (j)H, and the fact that the holomorphy 
of ^' implies that all its derivatives are bounded after shrinking U. 

We begin the proof of proposition 1 13| with a lemma which we shall need to prove 
that ^'(0) = 0, or that / remains the origin of our new co-ordinate system (S,y). 

Lemma 14. We have XiipnH) — for all Xi such that G A'. 

Proof. Write lexp{tXi)a in Iwasawa co-ordinates as ntatkf. Define S g to be 
the derivative of nt+sn^ at s = 0, and likewise for and fcj. It follows from 
the definition of (pn that Xi(pH{l) — — A(ao), and so we wish to calculate Cg. By 
differentiating the equation I exp{tXi)a — ntOtkt at i = 0, we obtain 



Adj^i — ^0 AdfipflQ -|- Ad„j,aj,fcg 
Ad„ - 1 ^ i^i Ad,7,,^ no + flo + Adao fco 



We therefore wish to show that the projection of Ad^-i^l^ onto a is 0. Yi lies in 
Qai + 0-Qii so that AdujFi lies in Q^ai + Q-wan and we shall show that the image 
of these spaces under Ad~^ is orthogonal to a. Write loa in Iwasawa co-ordinates 
on the group L with respect to the unipotent subgroup = w~^Nw n L as 
^0 — n-LULkL, so that 
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la = wni^aLk]^ 

= {wnLW~^){w~^aL)wkL. 

By comparing this with the decomposition la ~ rigaofco, we see that no — wn]^w~^ e 
N n wLw~^. It foUows that Ad„,-|0 G wlw^^, but because ai G A' we have 
Q±wai -L wiw~^. Therefore Ad"^ Q±wai is orthogonal to a as required. 

□ 

We now turn to the main part of the proof. AU iniphed constants in the foUowing 
will depend only on Ua, I and C. As with proposition |10[ we shall proceed by 
induction on the number of variables. Let i e {1, . . . , N} be given, and define 



X = (zi,...,zt_i) 

y — (^t; • ■ • ; ^n — r)- 

Suppose that we are able to carry out the required uniformisation of (f>H in the X 
variables, i.e. that we can find a function 



t-1 

f :7^(0,p)"-'-*+i l[D{0,C3\\H'\\/\a,{Hi)\)CD{0,C3Sy-\ 

1=1 

vI/(0) = 0, 

and functions 5i, . . . ,Ct-i which satisfy the conditions of the proposition with re- 
spect to X, Y and \E'. We shall then show that we may do the same with respect 
to the co-ordinates 



X' = (zi,...,zt) 

Y' — (^t+l, • ■ • , Zn-r)- 

For Y e L>(0,/9)"-'^~*+\ define f{Y) to be ^^(^(y),^), and let Y = izt,Y') 
with Y' as above. We have 



(41) 



9/ 

dzt 



dzt 



^l(*(y),r) + ^^(*(y),y)^(y) 



1=1 



dzt 



^(vi/(y),F) + o(|iij'| 



-E 



dz 



('f{Y),Y) + 0{\\H^ 



dzt 



and after substituting the expression for (f>H, given by proposition 10 this becomes 



5/ 

dz. 



{Y) = -2A{wHo.MHi)zt + 0{\\H'\\) 



9*, 



.^[a,{H,)Omiy)\) + 0{\\H%]^{Y) 
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We have assumed that I'i'i] < C3\\H''\\/\ai{Hi)\, and after replacmg p with p/2 
we may combine this with the holomorphy of 5* to deduce that \d'i>i/dzt \ <^ S/p. 
These bounds imply 



dl 
dzt 



(42) 



{Y) = -2A{wHo.Jat{Hi)zt + 0{\\H'\\) + 0{\\H'\\6/r) 

= -2A{wH^JatiHi){zt + 0{\\H'\\/\at{Hi)\)) 
= -2A{wH^Jat{Hi){zt + 0{6)). 



Reducing C2 and increasing C3 if necessary, we may combine ( 42 ) with our as- 
sumption that (5 < 6*2/9^ to deduce that, for each fixed Y', df /dzt has a simple zero 
in zt in the disk D{0,C3\\H''\\/\at{Hi)\) and no others. As a result, there exists a 
function 



^ : DiO,pr'--' ^ i^(0,C3||i/'||/|a*(i/,)l) 

such that 



(43) 



5/ 

dzt 



(^(r'),F') = o. 



We may show that V'(O) =0 using lemma 14 This is equivalent to showing that 
df/dzt{0) = 0, and setting F = in equation (41) and using the assumption that 
*(0) = gives 



dzt 



(0) 



')H 



dzt 



(0) 



4=1 



dzt 



Assumption (3) of proposition [To] on the final m(A;)/2 co-ordinates Zi implies that 
the span of the vectors {d/dzi : 1 < i < m(A')/2} at I is equal to the span of 
{Xi : I < i < m(A')/2}, so that lemma [m] implies that d(j}H/dz^{0) = for all 



so that lemma 
i < t as required. 

As a result of p3|), if we define the function vj/' by 



t 

*':i?(0,p)"-'-* l[D{0,C,\\H'\\/\a,{Hi)\) 

i=l 

^'{Y') = {^i^b{Y'),Y'),^{Y')), 

then one sees easily that (j)H{X' ,Y') has a critical point in the X' variables at 
X' = '^'{Y'), and we shall show that ^' plays the role of ^' with respect to the 
co-ordinates {X',Y'). Note that -0(0) = imphes that *'(0) = 0. To uniformise 
(l)H in the X' co-ordinate around the set 

Z' = {{^'{Y'),Y') : Y' e 15(0, p)"-''-*}, 

we must show that, for each fixed Y' , f{zt,Y') — f{ip{Y'), Y') has a double zero in 
Zt at Zt = ipiY') and no others. Applying the definition of / gives 



f{Y)-fiij'{Y'),Y') = q^H{^iY),Y)-q>Hi^'{Y'),Y') 

= M {^{Y), Y) 4>H, (*'(r'), Y') + 0{\\H%. 
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The points (^'(y), Y) and (^'(y'), Y') agree in the last n — r — t co-ordinates, and 
for i < t it follows from the definitions of and ^I^' that their ilh co-ordinates 
are both bounded by C3||-ff'||/|ai(-ff;)|. The formula of proposition 10 then implies 
that 



t-i 

+ Y,a,mO{\\H^\\/\a,m\r +0{\\H' 



= ^A{wH^MHi){z^ - 0{\\H'\\/\atm\r) + 0{\\H% 
= -K{wH^,)at{Hi)z1+0{\\H'\\) 

(44) = -K{wH^,)at{Hi){zl + 0{5)). 

Our assumption that 5 < C2P^ implies that J{Y) — f{tp(Y'), Y') has only two zeros 
with zt E D{0, p), and so both must be at zt = V'(^') required. We may therefore 
define the function ^(Y) on D(0, by 

(45) - A{wH^,)atiH)aY)^ = f{Y) - f{^'{Y'),Y'), 

and we define to be the extension of ^ to D{0,p)^^^ by making it independent 



of X. If we substitute (45) into our inductive assumption (39 1, we have 



t-i 



bHiX,Y) - cj,Hi^iY),Y)-J2MwH^MHi)^f 

2 = 1 

t-1 

= f{Y)-Y,H^H^Mimf 

i=l 

t-1 

= /(^'(y'),i"')-A(z«i/oj«t(if)e(n'-E^("'^"')"'(^')^^' 



i=l 



^h{^'{Y'),Y') -Y.A{wH^MHi)il 



so that (39 1 holds for our new set of co-ordinates Y' and {^j} with respect to . 



We next show that satisfies the derivative condition (40), which will follow 
from the bounds 



(46) 



dzi 



<.5/p^, t<i<n-r. 



To prove this when i = t, we differentiate (45) and substitute (42) to obtain 



(47) 



dzt dzt 

= -2AiwH^Jat{Hi)izt + 0{S)) 



dzt 



Zt + 0(6). 
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Moreover, by comparing (44) and (45) we have ^'^ — + 0{d). By combining this 



with (47) we obtain the bound (46) when \zt\ = p, and the bound in the interior 



follows by the maximum principle. 



When i > t, differentiating (45) gives 



ozi ozi ozi ozi 



As before, we have 



so that 



d!_ 
dzi 



= ~2A{wH^MHi)zr + 0{\\H'\\), 



ozi ozi 



In addition, (|42]) and |-0| < ||i/'||/|Q:4(i//)| imply that 

df 



dz. 



ii^{Y'),Y') 



< \\W 



and as before we know that (after shrinking p) all first order derivatives of ■0 are 
bounded by 5 / p. Combining these, we have 



K{wH^MH)^{Y)^{Y) 



'dzi 



Iff' 



« 6. 



The required bound follows from this and (44) as before. Finally, it may easily be 



checked that ^ and satisfy the realness condition. 

6.2. Vanishing of Critical Points. It remains to verify that the function f{Y) = 
(j)Hi'^(Y),Y) determined by proposition 13 satisfies condition (3) of proposition |9] 
We do not need to complexify to do this, and so shall think of (S, Y) as real co- 
ordinates about I on R. If X is any vector field on R, then differentiating (31 ) with 
respect to X along the submanifold {S = 0} gives 



(48) 



Xcl>H{0,Y)^Xf{Y), 



where X is the image of X under projection to the Y co-ordinate. Lower bounds 
for the derivative of / will therefore follow from lower bounds for the derivative of 
(t)H- 

The lower bound for the derivative of (pn that we shall use is as follows. Let 
the open neighbourhood B C R oi I and Ci > be given. For He B^, a root 
a G A; will be called i?-oscillating (with respect to B and Ci) if there exists 
X = Xa + X-a & t with X±a € fl±a such that 



(49) 



\X^H{k)\>Ci\\X\\\a{H)\, keB. 
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Proposition 15. There exist B and Ci such that the set of H-oscillating roots 
spans a' for all H & B^. 

Proof. We shall begin by finding a simple condition which implies that a given root 
a e A; is iJ-oscillating. Let k G B and H £ Ba he given, set a = exp{H), and 
let X = Xa + X^a e t be associated to a as above. Write kexp{tX)a in Iwasawa 
co-ordinates as ntatkt- Define G 5 to be the derivative of nt+sn^^ at s = 0, and 
likewise for a' and k' . It follows from the definition of (pH that X(f>H{k) = — A(ao), 
and so we wish to calculate ag. By differentiating the equation k ex.p{tX)a = ntatkt 
at t = 0, we obtain 



AdkX = no + Ad„„ao + Ad„„aofco 

Ad„^-ifc^ = ^^^n'K + a'o + AdaX 

Adaokoa-^X = Ad;^^^no + ao + Adaofco. 

Let H\ G a be the vector dual to A under the Killing form. As Ad~^n'Q + Ada^kQ G 
n + t, we have 



-A(a'o) = -{HA,Ada„koa-^X) 

= -(ffA,Ad,„,-iA) 

= -(Ad,; //a, e"(^)x„ + e-"(^)x_„). 

Let tTq be the projection from p onto pa = p n (g^ + 0_q), and let the Iwasawa 
decomposition of la be; rijaiki. We may assume without loss of generality that X is 
the unit vector in which maximises the value of X(j)}j(^l^^ which is equivalent to 
saying that 

-{X, X) = {Xa - X_„, Xoc - = 1 and 

7r„(Adfe,iHA) = ||7r„(Adfc/HA)||(X„ G Pc.. 

Because the p component of e«(^)X„+e-«(^)X_„ is i(e"(^)-e-«(^))(X„-X_„), 
we have 



-A(a'o) = -i(e«(^)-e-«(^))(Ad,->,(X„-X_„)) 
|A(ao)l > C\a{H)\ , • 

IkalAdfc^ Ha)\\ 

As a result, it suffices to prove the following statement: 

There exists a ball B about I and C > such that for any H G Ba, there exists 
a subset S{H) C A; spanning o;, such that for all a e S{H) and k & B we have 



K7r^(Ad^;gA),7r^(Ad^,^gA))| 
||7r„(AdriifA)|| 



> C. 



Note that if this statement is true with ko = ki for all H € Ba, then by continuity 
it will hold with C replaced by C/2 for k lying in an open neighbourhood Bh of I 



32 



SIMON MARSHALL 



which depends continuously on H . By the precompactness of Bo, we sec that we 
may in fact assume that is B^j independent of H after possibly shrinking B^. It 
therefore suffices to prove the simpler statement: 

There exists C > such that for any H E Ba, there exists a subset S{H) C A; 
spanning a;, such that for all a G S{H) we have 

||7r„(Ad-/i/A)|| >C. 



We shall assume that k = I from now on, and write la — noaoko. If the above 
statement fails for all C > 0, then by applying the continuity of Ad^^^H/^ in a, 
the precompactness of B^ and our freedom to shrink this set, we find that there 
exists H G Ba and a proper subspace V C O;* such that 7rQ(Ad^^"'^-H"A) = for all 
a S A; \ (Aj n V), and we shall derive a contradiction from this. 

Define Q C i to be the connected Levi subgroup with Lie algebra 

q = a + m+ ^ 0a. 

It follows from the decomposition la — noaoko that Iqu — < a^ w-^ko. If we 
express ^o^^ in Iwasawa co-ordinates on the group L with respect to the unipotent 
subgroup Nl = L n w^^Nw as n^aLkL, then by comparing the two factorisations 
we see that w^^k^^ — k^ ^ K^. We therefore have Ad^^^i?A G pL, and because 
we have assumed that Kd'f^^Hj^ is orthogonal to all root spaces of [ which are not 
contained in q, we see that in fact Ad^^H\ e pQ. As a result, there exists kq e Kq 
such that Adfc(j Ad^"'^i/A € a, which implies that kqk^^ e W and fco G WKq by 
the nondegeneracy of A. 

Because k^ — w~^ko and /cq G WKq, we have k^ — wkq for some w E W and 
kq G Kq, and hence 

loa = nLiLkL 
= ULaLwkQ 

(50) w-Ho = nf\l%a-^ 

If we express a™ kqa^^ G Q in Iwasawa co-ordinates with respect to the unipotent 



subgroup Q r\w ^Nlw as ngagfeg, (50 1 becomes 



w ^lo = n'ga'Qk'Q. 

The uniqueness of the Iwasawa factorisation implies that w^^Iq = kg, so that 
I G lyfc^ and 

Adrian a = Adr/aHa 

D a, + (o'nF^), 

which contradicts the definition of Oj. 

□ 
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To deduce condition (3) of proposition [9] from proposition 15 let Bh be as in 
proposition |9] and let Bi and C satisfy the conditions of proposition [T5j and assume 
that Bh C Bi for all H E Ba- The fact that the set of oscillating roots spans a' for 
all H E Ba implies that there exists a constant C'2 depending only on G, such that 
for any H E Ba these exists and an iJ-oscillating root a with a{H) > C2||-ff'||. If we 
let Xh be the vector field produced by proposition 
to have Killing norm 1, then we have 

\XH<l>H{k)\>CiC2\\H' 



15 



and assume it is normalised 



for all H E Ba and k E Bh- Letting Xh be the vector field on = 0} as in (48), 
we have 



\XHf{Y)\ > CiC2\\H'\\ 

for all Y and H, and so it suffices to show that all F-derivatives oi Xh are uniformly 
bounded. However, condition (1) of proposition [9] implies that all derivatives oi Xh 
in the co-ordinates (S, Y) are bounded, and it follows that the same is true for Xh- 

7. The Case of Compact Type I 

We now consider the case in which X is a symmetric space of compact type. 
We assume without loss of generality that X ^ S = U jK, where [/ is a compact 
simply connected Lie group and K is connected. As in the noncompact case, most 
of the work in proving theorem[T]lies in establishing a sharp pointwise bound for the 
kernel of an approximate spectral projector, and the bound we shall use is exactly 
that of theorem [3] for the spherical function ^p^ on S. We shall prove this bound 
using the method of the previous sections, after first deriving an expression for c/?^ 
as an average of plane waves which is an analogue of the usual expression for ip\ as 
a _fr-integral in the noncompact case. 

7.1. Notation. Let GjK be the noncompact dual of 5, with both G and U analytic 
subgroups of the complex, simply connected group Gc whose Lie algebra is the 
complexification of the Lie algebra g of G. We write as usual 



= « + p = « + a + q 

u ~ t + ip = t + ia + iq. 

Let A denote the set of roots of g with respect to a and A+ the set of positive 
roots corresponding to the Weyl chamber 0+ and the Lie algebra n = X]aiEA+ 0"- 
Extend a to a Cartan subalgebra f) of g. Define C ia to be the set on which all of 
the functions {e"^^) - 1 : a € A} are nonzero, otherwise known as the regular set. 
Define A and T to be the connected subgroups of G and V with Lie algebras a and 
ia, and denote the kernel of the exponential mapping from ia to T by L. We shall 
identify T with its image in S- Let M be the stabliser of a in /iT with Lie algebra 
m, and let W be the Weyl group of a. 



Define A to be the set 



A = <i /i e o* : '^p^ E I.+ for a e A^ 
(a, a) 
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Given /i G A, let tt^ denote the representation of Gc whose restriction to G is 
spherical (that is, has a X-fixed vector) and has highest restricted weight /i. It 
is known that every spherical representation of G is of this form, see for instance 
chapter II, section 4 of [1]. Let be the corresponding representation space with 
7r^(t/)-invariant inner product ( ,), and let d{fj,) be the dimension of V^. Viewing 
H as a, linear form on [}c, on [} n let e^i € VJ^ belong to the weight /i and let 
& he a unit vector fixed under K. We let s* be the automorphism of A such 
that TT^ and tTs^^ are contragredient, which is given by composing the map fi —/i 
with the long element of the Weyl group. 

7.2. Approach to Proving Theorem Let C C be a compact set as in 
theorem [T] and assume that /i is equal to tfi with Ji ^ C . We shall consider the two 
functions 



The first is the spherical function with spectral parameter /i, and we shall see in 
section [773| that the restriction of the second function to U may be thought of as a 
higher rank Gaussian beam. If wc normalise so that 6p(e) — 1 we have 



(51) ~ / bfj,{ku)dk, u £ U. 



K 



We shall see in section |7.3| that there is a strong formal analogy between this 
expression for Lp^ and and the standard representation of (fx in the noncompact case, 
and so one would hope to be able to prove theorem [3] by applying the techniques 



of the previous sections to this integral. This works well when u is regular, as (51) 
and basic stationary phase techniques imply that if D C is compact then {p^ has 
an expansion of the form 



(52) v^ie^H)) = t-("-'-)/'(l + Ooit-^)) ^-(/^' 



where the functions A^jj S C°°(C x a^) are nowhere vanishing. However, the fact 
that bfj, is sharply concentrated along a flat subspace (in particular, that its absolute 
value has large derivatives) makes it difficult to bound f^{u) for singular u using the 
representation (51 ). We get around these difficulties by observing that the terms in 
the sum (52) behave much more like plane waves on G/K than the function 6^, as 
their absolute values are not changing rapidly. As a result, we may prove theorem [3] 
by first averaging under the action of a small open neighbourhood of the identity 
in K to generate a plane wave on some open set in S, and then expressing ip^ as 
an average of the plane wave about a point in this set. 



7.3. The Structure of Gaussian Beams. We begin by proving some results 
about the functions &^ which are needed to carry out this approach, and which we 
shall derive by following chapter III, section 9 of [3] and applying methods from 
the theory of pseudodifferential operators. We have as usual 
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G = NAK, g = nexpH{g)k, H{g) e a, 
g = n+ a + i, gc = ric + ac + Jc- 

The mapping 

{X, H, J) exp X exp H exp J {X e nc, H e ac, J e tc) 
is a holomorphic diffeomorphism of of a neighbourhood of in uc = flc onto a 
neighbourhood C/" of e in Gc- We can therefore consider the map 

H : exp X exp exp J X 

of J7(? into ac, which is an analytic continuation of the earher map H. As is 
holomorphic on Gc, A^- invariant on the left and _ftr-invariant on the right, we have 

6^ (exp A exp exp J) = 5^(expi/) = e^^^^^b^{e), 
so normalising &^ by 6^(e) = 1 we have 

(53) 6^7.) = e-^™), ueUl 

We may extend the function iJ to a map TU^ — ?> ac/L using the action of T, and 



equation (53) will continue to hold on this set. 



We may use the expression ( 53 1 for to prove that its restriction to S is localised 
sharply around T, and has Gaussian decay in the transverse directions. We do this 
by first computing the Hessian of H transversally to T, and then showing that b^ 
decays rapidly in sets which are bounded away from T by an argument involving 
pseudodifferential operators. 

By the T covariance of 6^, it suffices to calculate the Hessian of H at the identity. 
If a € A+, let Xa S Qa and X_q, = 9Xa € Q-a, and let Va = i{Xa — X-a) be a 
normal vector to T at e. We then have 

Lemma 16. The second derivative of H at e in the direction Va is 



— Ha- 

t=Q 



Proof. Write the second order approximation to the Iwasawa decomposition of 
exjpitXa — tX^a) iu terms of unknowns Vi, V2 and V3 as 

eyi]i{tXa-tX^a) = exp(2iAc, +iVi)exp(iV2)exp(-t(X„ + A:_a) +tV3) + 0(i^). 
After applying the Baker-Campbell-Hausdorff formula to the RHS we have 

exp(iX„ - tX_a) = exp(tX„ - tX_a - t\Xa,X_a\ + {Vi + 14 + 1^)) + 0{t^). 
Equating coefficients gives 

V^i + V^2 + V^3 = [A„,A_„]eo 

V2 = {Xa,X_a)Ha- 
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Our normalisation of Va implies that {Xa, X-a) — ^1/2, from which the lemma 
follows. 

□ 



It follows from lemma 16 that the second derivative of —^{H{u)) in the direction 
Va is —]l{Ha)- This satisfies the uniform bounds —C < —Jl{Ha) < — c < for 
JleC, which implies that ||&^||2 > t-("-'-)/4. 

Lemma 17. If D d S is any compact set which does not intersect T, we have 

Proof. We shall prove this using the theory of pseudodiffcrential operators, by com- 
paring the action of the Laplacian and the translations {id/dX : X e ia] on b^. As 
we have already established that ||6;^||2 ^ it suffices to prove the lemma 

after first rescaling to have norm one. 

Recall the definition of the principal bundle J/x^ip* over S, which is the quotient 
of [/ X ip* by the action 

(it, ti)fc = (ufc, AdjT^f ), k €z K. 
There is a canonical isomorphism T*S' ~ U if * under which the symbols of the 
operators A and id/dX are 



px ■■ {u,v) i-> v{Ad~^X). 

The eigenvalues of 6^ under A and id/dX are and —ifi{X), and by gen- 

eral principles of semiclassical analysis this should imply that b^ is microlocally 
concentrated near the set 

Cf, = {qe T*S -.pAiq) = (m,A*>, Pxiq) = -i^X) for aU X G ia}. 
We shall in fact show that 



(54) Cf, = {{tm,-ipL) -.teT^me M}. 

This implies that £^ projects to T <Z S, and so the lemma would follow by com- 
bining this with the claimed microlocal concentration phenomenon. To prove (54), 
let (u, v) G £^ and assume that we have chosen a representative with v € ia. The 
conditions on imply that —{v,v) = {fJ-, fj) and 



v{Ad-^X) = -if4X), X eia 

AdnviX) = -iniX) 

iJ(Ad„(w)) = -i^. 

By comparing norms under the positive definite form — ( , ) on u, this implies that 
AduV = —ifi. We may therefore assume that v = —i^, and as was generic this 
implies that u € T • Af as required. 



It remains to deduce the conclusion of the lemma from ( 54 ) using a pseudodif- 
fcrential operator argument. Let B C S" \ T be a precompact open set. It follows 
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from the proceeding discussion that \i X <E ia is chosen to be the vector dual to 
— i/x, then the symbol P{x, ^) of the operator 

Po = A - {id/dXf 

satisfies the estimates 

Ci(l + |e|)'<l + P(a;,0<C2(l + |e|)^ 0<Ci,C2<«3, xeB. 
As a result, if we choose positive C°° cutoff functions 61 and 62 satisfying 

hi{x) = 1, X (z T 

hix) = 1, X e B 

61&2 = 

and define the operator P by 

P={l + bi)A-{id/dXf, 
then P is elliptic on S. We also have P{b2b^) ~ p, where p is supported in a 
compact set B' C S \ {T U B) . As P is an elliptic differential operator it has a 
parametrix E such that E ■ P = I + S for some smoothing operator S, and applying 
• P to 626^ gives 



Ep = b2bf^ + Sb2bfj_. 

As E is also a pseudodifferential operator it is local up to smoothing, which implies 
that there is a second smoothing operator 5' such that 



b^{x)=S'b^{x), xeB. 

As ||5'6^||2 t~^, we see that the norm of b^ restricted to B is rapidly 
decaying. The standard methods of bounding L°° norms of Laplace eigenfunctions 
in terms of their norms then imply that |&/i(a;)| <Cd.a uniformly on any 
compact set D C B, which concludes the proof. 

□ 

7.4. Sharpness of Theorem [l] in the Compact Case. We may now prove that 
theorem [T] is sharp up to the logarithmic factor in the case of compact type. 

The spherical function tp^ saturates the bounds for p above the kink point. 
To see this, first observe that b^ is roughly constant in a ball of radius ^ t^^ about 



the identity in S, and so the expression (51 ) for (^^ implies that |(^p(s)| 3> 1 in the 
same ball. Moreover, the Weyl dimension formula implies that ||<y5p||2 ^ 
These two facts imply that t^'^~^^/^ip^ has norm ^ 1, and has absolute value 
> on a set of measure > t"", so that llt^""''^/^^!!? > t^^'""-^^ as required. 

and [17 imply that the functions i("~'')/^6u saturate the bounds 



Lemmas 



of theorem Tjfor p be 



16 



; ow the critical point. Indeed, by lemma 17 it suffices to 
understand the behaviour of 6^ in the open neighbourhood T ■ U^O U oi T, and 



lemma 16 implies that 
radius f^^'^ around T in S. 
approximately t-^(^i'P). 



is essentially the characteristic function of a ball of 



It easily follows that the norm of i'" ^^^'^b,^ is 
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8. The Case of Compact Type II 

In this section we shall derive theorem [3] from the results of section |7.3[ before 
using theorem [3] to prove theorem [T] 

8.1. Construction of Plane Waves. We begin by averaging 6^ over rotations by 
a small neighbourhood of the identity in K to generate the compact analogue of 
a plane wave. Let Bi, B C K he two open balls around e which satisfy Bf C B 
and BBi nW <Z M, and such that kT C T ■ for k e BBi where is as in 
section |7.3 Let g e C°° (K) be a positive cutoff function which is supported in B 



and equal to 1 on Bi, and define the function tp'^ by 

(^O(u) = / g{k)b^,{ku)dk, u e U. 
Jk 

The asymptotic we require for Lp'^ is as follows: 

Lemma 18. Let D be a precompact subset of the regular points of T, and define 
the set So by 

So = {kih ■.kieBi,he D}. 
There then exists a function a G C°°{A x Sg), all of whose derivatives in the second 
factor are uniformly bounded and which satisfies \a{pL,u)\ > C > 0, such that 

(55) ifliu) = t-^"-'^'>/^a{ti, u)^i{h)-\ u^kihe So. 

Proof. U u — kih G So, our asumption that Sq C T ■ implies that 

^likih) = [ g{k)bf,ikkih)dk 

= f 5(fcfcri)e-*'^(^(^-''»dfc. 
Jk 

To reduce this integral to one which is concentrated at a single point, define R = 
M\K as in the noncompact case, and define the functions 



g(fci,r) : X i? ^ M, (t>h{r) : T x R 



by 



g{ki,r) = / g{mkk^ )dm, 
Jm 

<l^h{r) = -JiiH{rh)), r = MkeR, 



so that 



(56) ipl{kih)= / g{ki,r)e-"f"^^''Ur. 



g{ki, e) is bounded away from zero, and the support of .g(fci, r) in r is contained in 
the image of BBi in R. Our assumptions on BBi then imply that 



R-e(/);,(r) > 0, he D, r esupp g{ki,-), 
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with equality iff r = e. If {Yi : 1 < i < n — la an orthonormal basis for Tf,R 
as in the noncompact case, the Hessian -D0/i of (p^ at e may be calculated as in 
proposition 6.5 of [T] to be the diagonal matrix 

{D4>H)^^=\^l{H^,){aT\h)-\). 

Write g as go + gi, where gi vanishes to first order at the origin in r for all ki 
and go is equal to g{ki, e) on a small ball. Because all /i-derivatives of 4>h{r) — 0/i(e) 
vanish to second order in r at the origin, and exp(t4>h(T) — t(ph{e)) has Gaussian 
decay, we have the asymptotic 



R 

= t-^^-'^y^-'a,{p,k,,h)f,{h)-\ 
where all fci and h derivatives of ai are again uniformly bounded. We may therefore 



assume that g — go is constant in r in a small ball about e. The asymptotic ( 55 ) 
then follows by complexifying R and deforming the contour of integration in ( 56 ) 
in a small ball about e, so that in geodesic normal co-ordinates about e there is a 
smaller ball in which it is a plane on which Dcjjfi is real and negative definite. 

□ 



Remark. The asymptotic (52 1 for ip^^ on the regular set follows from applying the 
analysis we have used here, and the rapid decay of &^ away from T, to the integral 



(511 



8.2. Proof of Theorem [3[ The regular set Or is a union of open simplices, and 
we choose one such simplex Cq whose closure contains the origin. Define Tg to be 
exp(Co), and C and T to be the closures of Cq and Tq. T is then a fundamental 
domain for the action of W on T. The Cartan decomposition on U implies that 
every u e J7 is equal to fci exp(a)fc2 for a unique a C, and we define the function 



A : U ^ C hy A : u a. If we assume that h £ D (ITq in formula (55), we may 
rewrite it with the aid of this notation as 



Note that fi{A{u)) is purely imaginary. There is a clear similarity between ip'^ 
and the plane waves on G/K, and this will allow us to bound (^^ by choosing 
hi G Tq, expressing as an average of (p^ under rotation about hi, and applying 
the techniques of the previous section to the resulting integral on K. 

If we fix /ii G Tq and normalise ip^ by (p^{hi) ~ 1, we have the expression 



(57) 



Lpl{hikh)dk, heT 



where a{^,hi) — 1. We shall denote the phase function —'jl{A(hikh)) by (j>h{k) as 
before. The following proposition shows that 4)h{k) has almost all of the properties 
which are needed to study the integral (57 1 using the techniques developed in the 
noncompact case. 



40 



SIMON MARSHALL 



Proposition 19. There is a ball B about the origin in ia such that if h Cz B, the 
function (j^hik) is left invariant under M and right invariant under Ky^, and its 
critical point set is equal to 



Ch = WKh. 

If w € W and {Xi : 1 < i < n — r} is the basis ofT^R defined in section 4-1 there 
are nonvanishing analytic functions 

F^^i : B ^R, l<i <n-r, 
such that the Hessian of (ph at w with respect to the basis {X^} is the diagonal 
matrix 



{D(l)hh = F^4h){a,{h) - a,{h)-^), heB. 

Proof. The claims about the invariance properties of 4>h are immediate. To deter- 
mine the critical point set, we shall first assume that fc is a critical point of 4>h and 
show that k = wkh for some w and kh € Kh- Consider a vector X G J and 

write the Cartan decomposition of hike:xjp{tX)h as 



(58) hikexp{tX)h ^ ki{t)a(t)k2{t). 

We assume that B is sufficiently small that hikexp{tX)h is regular ioi h G B and t 
small, so that ki{t) and k2(t) are unique and depend smoothly on t. Define k'^it) € q 
to be the derivative of ki^{t)ki{t + s) at s = 0, and likewise for a' and k'2, so that 
X(ph{k) = — pt(a'). If we define fci = fci(O), k'^ — k'i{Q) etc, then differentiating (58) 
at i = gives 



kd-^'X = Ad-4fc;+Ad,->' + fci 

Mk^Mj^^X = Ad^ifci+a' + Adfe,fci. 

As Kd^'^k'^ and Adfe^fcj both lie in 4 + iq, we see that a' is equal to the projection 
of AdfejAd^ X to ia. Our assumption that fc is a critical point of (pt then implies 
that 

/I(Adfc,Ad^^A:) =0, X 

As we have assumed that h is contained in a small ball, the projection of Ad^ I to 
ip is equal to 



(59) «pn 0„,c. 

Let Hji e a be the vector dual to pt. For k to be critical, Ad'^^Hj^ must be orthogonal 
to ( 59 ) which implies that 

(60) Ad^^^iJ^e [ = o + m+(fln 0„,c)cg. 

a(/i)=0 

Let L be the Levi subgroup of G with Lie algebra [, let Kj^ — C if be its 
maximal compact subgroup, and write [ = + J^. The inclusion Ad^^ Hj^ G Pl 
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implies that there is an element fc^ e such that Adi:^^ Ad^,, Hji G a, and so 
^2 = wkL for some w G W . Substituting this into (58) ai t — Q gives 



hik 
hik 



kiak2h ^ 
kia{h-^ywki 



Because h is small we know that both hi and a{h~^)^ lie in Tp, so that uniqueness 
of the Cartan decomposition gives k — wk^ as required. This shows that the crit- 
ical point set of (j)h is contained in C'h, and the reverse inclusion follows from the 
right if/j-invariance of (ph and the easily observed fact that (ph is critical on W. 

We shall prove the final claim of the proposition in the case w = ehy calculating 
the Hessian of at the identity in K; the case of the other Weyl points is identical. 
In the notation of ( 58 ) , we wish to determine a" = a" (0) when k = e and X is of 
the form + X^a, where X±a € 2±a are normalised so that {X, X) = —1. Note 
that the assumption k = e implies that fci — I 
t = gives 



e as well. Differentiating ( 58 ) at 



Ad^H^a+^-a) = Ad-'k[+k'2 

a{h)-^Xc,+a{h)X^a = Ad^^k'i+k'^, 
and this has the unique solution 



(61) fci = — 3-(a:„+a_„) 

ct\a) — a\a) ^ 



a(ah '^^ — a{ha ^) 
a{a) — a{a)~^ 



{Xa + X^a)- 



If we consider the second order approximation to (581 by writing 



ki{t) = exp(fc'it + fc'/i^ + 0{t^)), 
and likewise for a{t) and k2{t), we then have 

hi exp{tX)h = exp{k'it + kit'^)aexp{a"t'^) exp{k'2t + k'^t^) + 0{t^) 

aeyLY>{tM^^X) = a exp(Ad^^fcii + Ad^^A:"t2) exp(a"i^) exp(fc2t + fca^^)- 

Applying the Baker-Campbell-Hausdorff formula and equating second order terms 
gives 



i[Ad-ifci,A;^]+a" = 0, 



and after substituting the values of k'l and k'2 from (61 1 this becomes 



a ^H^——— [a{h)-a[h) ). 

4(a(a) — aya) ^) 

Because ah^^ = /ii, it follows that 

;^</>.(exp(iX)) = -M(g.) "/y'"^f^.l'' (a(M - a{h)-'). 
at-' 2(a(a) — a(a) ^} 
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If we choose B so that a{a) — a{hih) is not equal to ±1 for h E B, then this 
expression is of the form F{h){a(h) — a{h)^^) for some nonvanishing real analytic 
function which completes the proof. 

□ 

We may use proposition [19] to prove a structure theorem for (j)h which is equiv- 
alent to proposition [9j and hence implies theorem [3j This may be established in 
exactly the same way as in the noncompact case, with the exception of the argu- 
ment used to prove the analogue of condition (3) of proposition [9] concerning the 
vanishing of critical points. Adapting this argument requires small modifications 
to the proof of proposition |15[ which we now describe. 

Let / = wIq € K, ai and a^be as in the noncompact case, and let g a be the 
dual vector to fi. Let L <zU he the compact form of the Levi subgroup associated 
to I in the noncompact case, and decompose its Lie algebra as i = ipL + ^l- By 
differentiating the Cartan decomposition of hik ex.'p{tX)h and reasoning as in the 
proof of proposition [15) we are reduced to deriving a contradiction from the follow- 
ing statement: 

There exists h Cz B such that if we write hilh as kiak2, there is a proper subspace 
V C O;* such that 7ra(Adfe/i/^,) = for aU a e A, \ (A, n V). 

To proceed from here, we follow the proof of proposition 1 1 5 1 with Cartan decom- 
positions in place of Iwasawa decompositions. We again define Q C i to be the 
connected subgroup whose Lie algebra q has the complexification 

qc = cic + Tnc + ^ 0a,c- 

aev 

The Cartan decomposition hilh — kiak2 implies that loh = w^^kiak2. If we 
let the Cartan decomposition of hi l^h e L with respect to L be fci_iaLfc2.L, then 
by comparing the two factorisations and using the genericity of a we see that ^2 G 
Wk2^L- This imphes that Ad^^H^ € p^, and our assumption on the projections of 
Ad^^^Hf^ to Qa allows us to strengthen this to Ad'j^^H^ e pg. It follows that there 
exists kg € Kq such that Adfe^Ad^T^i?^ G a, and because k2 = VFfc2,L we see that 
k2,L = wkq for some w W. We than have 

hi ^IqH = ki^LaLwkg 

{w-^k-lw~^)hi{wlo) = afkgh-^ e Q. 

As the RHS of this equation is the Cartan decomposition of an element of Q and 
hi is generic, we must have Iq g WKq which contradicts the definition of a;. 

8.3. Conclusion. It remains to deduce theorem [T] from what we have proven. Let 
h e C°°{U) be a if-biinvariant cutoff function supported near the identity, and 
consider the function bips"^. As in the noncompact case, we may use our expression 
of (ps'p, as an integral of plane waves to show that the spherical transform of &(/5s»^ 
is rapidly decaying away from /i, in particular that for any (5 > we have 
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if /i and v satisfy — > . In addition, the asymptotic (52 1 imphes that the 



proportion of the L mass of <Ps*p in any smaU baU around the origin is bounded 
from below as i — )• oo. This implies that t^~'^bips* ^{fi) ^ 1, and so t'^~^b(ps-'^ is the 
kernel of an approximate spectral projector onto the spectral parameter fi. Define 
the function iC^ to be 



is the integral kernel of an approximate spectral projector of adjoint-square 
form, and we shall prove theorem [T] by analyzing it as in the noncompact case. If 
we choose (5 > and let C o* be the ball of radius d\\fi\\ about /i, then by 
inverting the spherical transform we have 

If we use this to evaluate K^{e), we have 



^ d(z/)|6(/7,.>(t^)P = ||Vs>||2 



!vgA 

< Il¥'svll2 
« i-t"-"^), 

and this implies the following pointwise upper bound for K^: 

\K^{u)\^f'-'- sup \^s'.{u)\+OA{t-^). 

The required pointwise bounds for Kf^ follow by combining this with theorem |3] 
If /3m are if-biinvariant cutoff functions which are analogous to those used in the 
noncompact case, it remains to prove — > bounds for the truncated kernels 
PmKfj^. We do this by first showing that the spherical transforms of (Sm'fii' are 
localised near v as before, which implies the same localisation for the transform of 
PmKfj^. The result then follows from the pointwise bounds already established. 
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